More recently, the notion of a complex valued S b -metric space has been introduced and studied. In this paper, we investigate some basic properties of this new space. We study some fixed point results on a complete complex valued S b -metric space. A common fixed point theorem for two self-mappings on a complete complex valued S b -metric space is also given.
Definition 2.5. [17] Let X be a nonempty set and b ≥ 1 be a given real number. Suppose that a mapping S b C : X × X × X → C satisfies:
(CS b 1) 0 ≺ S b C (x, y, z) for all x, y, z ∈ X with x = y = z = x, (CS b 2) S b C (x, y, z) = 0 ⇔ x = y = z, (CS b 3) S b C (x, x, y) = S b C (y, y, x) for all x, y ∈ X,
x, a) + S b C (y, y, a) + S b C (z, z, a)] for all x, y, z, a ∈ X.
Then S b C is called a complex valued S b -metric space and (X, S b C ) is called a complex valued S b -metric space.
Some Properties of Complex Valued S b -Metric Spaces
In this section we redefine the notion of a complex valued S b -metric space without the condition (CS b 3) given in Definition 2.5 and some new fixed-point results on this space are given. Definition 3.1. Let X be a nonempty set and b ≥ 1 be a given real number. If the function S b C : X × X × X → C satisfies the following conditions for each x, y, z, a ∈ X
, then the function S b C is called a complex valued S b -metric and the pair (X, S b C ) is called a complex valued S b -metric space.
Notice that every complex valued S-metric is a complex valued S b -metric with b = 1.
Example 3.1. Let X = R and the function S : X × X × X → C be defined as
for all x, y, z ∈ X. Then (X, S C ) is a complex valued S-metric space. Let us define the function S b C : X ×X ×X → C as follows:
for all x, y, z ∈ X. It can be easily verified that S b C is a complex valued S b -metric on X with b = 16, but it is not a complex valued S-metric.
and
Proof. Using the condition
By the above lemma, we have seen that a complex valued S b -metric function is not symmetric. Then we give the following definition.
for all x, y ∈ X and the pair (X, S b C ) is called a symmetric complex valued S b -metric space.
The symmetry condition (3.1) coincides with the condition (CS b 3) given in Definition 2.5 and hence Definition 3.2 and Definition 2.5 are coincide.
It is known that the symmetry condition (3.1) is satisfied for b = 1 as seen in the following lemma.
Lemma 3.2. [8] If (X, S C ) be a complex valued S-metric space, then we have
for all x, y ∈ X.
Now we give the following definition similar to Definition 2.3 given in [17] .
A sequence {x n } in X converges to x if and only if for all ε such that 0 ≺ ε ∈ C there exists a natural number n 0 such that for all n ≥ n 0 , we have S b C (x n , x n , x) ≺ ε. It is denoted by
2.
A sequence {x n } in X is called a Cauchy sequence if for all ε such that 0 ≺ ε ∈ C there exists a natural number n 0 such that for all n, m ≥ n 0 , we have S b C (x n , x n , x m ) ≺ ε.
A complex valued
Proof. Suppose that the sequence {x n } converges to both x and y with x = y. Then for each 0 ≺ ε there exist n 1 , n 2 ∈ N such that for all n 1 , n 2 ≥ n 0 ,
with b ≥ 1. If we put n 0 = max {n 1 , n 2 }, then for every n ≥ n 0 , using the condition (CS b C 3) and Lemma 3.1, we obtain Proof. Since the sequence {x n } converges to x we have
as n → ∞. Using the inequality (CS b C 3), we get
If we take limit for n, m → ∞ then using the condition (3.2), we obtain
Consequently, the sequence {x n } is a Cauchy sequence.
In [17] , the Banach's contraction principle was given using the condition (CS b 3) (that is, symmetry condition) with three variables on a complete complex valued S b -metric space (see Theorem 3.4 on page 16 in [17] ). However, the symmetry condition is not necessary in the proof of the Banach's fixed point result. Hence, in the following theorem we prove the Banach's contraction principle without the symmetry condition using two variables on a complete complex valued S b -metric space.
Proof. Let the self-mapping T satisfies the inequality (3.3) and x 0 ∈ X. Let us define the sequence {x n } as
Using the inequality (3.3) and mathematical induction, we get
Since the inequalities (CS b C 3) and (3.4) are satisfied, using Lemma 3.1 we obtain
for all n, m ∈ N with m > n. The above inequality implies
If we take limit for n → ∞ we have
Hence using the inequality (3.5) we get
Suppose that T x = x. Using the inequality (3.3), we get
x, x n ).
If we take limit for n → ∞ then we have
Finally we show that the fixed point x is unique. Assume that T x = x, T y = y and x = y. Therefore we obtain
Consequently, T has a unique fixed point x in X.
We can give the following corollary for a complete symmetric complex valued S b -metric space.
. Then T has a unique fixed point x in X.
Corollary 3.1 coincides with Theorem 3.4 given in [17] for two variables on X.
Remark 3.1. If we take b = 1 in Theorem 3.1 we obtain the Banach's contraction principle on a complete complex valued S-metric space (see [8] for more details).
Example 3.2. Let X = R and the complex valued S b -metric be defined as
for all x, y, z ∈ X with b = 4. Let us define the self-mapping T of X as follows:
for all x ∈ X. Therefore the inequality (3.3) is satisfied. Indeed, we obtain
for all x, y ∈ X and α = 1 20
. Consequently, T has a unique fixed point x = 0 in X.
Now we give a generalization of the Banach's contraction principle on a complete complex valued S b -metric space.
Theorem 3.2. Let (X, S b C ) be a complete complex valued S b -metric space with b ≥ 1 and T : X → X be a self-mapping satisfying the following condition:
There exist real numbers α 1 , α 2 , α 3 , α 4 satisfying
for all x, y ∈ X. Then T has a unique fixed point x in X.
Proof. Let x 0 ∈ X and the sequence {x n } be defined as follows:
Suppose that x n = x n+1 for all n. Using the condition (3.6), we obtain
By the condition (CS b C 3), we get
(3.8)
Using the conditions (3.7), (3.8) and Lemma 3.1, we find
Repeating this process in the condition (3.9), we have
So for all n, m ∈ N, n < m, using the conditions (3.10) and (CS b C 3) we get
The above inequality implies
since α < 1. Therefore using the inequality (3.11), we find
and so {x n } is a Cauchy sequence. By the completeness hypothesis, there exists x ∈ X such that lim n→∞ x n = x.
Now we show that x is a fixed point of T . Assume that T x = x. Then using the inequality (3.6) we have
x, x n−1 )} and so taking limit for n → ∞, using Lemma 3.1 we obtain
Finally we show that the fixed point x is unique. Suppose that x = y such that T x = x and T y = y. Using the inequality (3.6) and Lemma 3.1, we have
which implies x = y since α 1 + bα 4 < 1. Consequently, T has a unique fixed point x in X.
If we take b = 1 in Theorem 3.2 then we get the following corollary.
Corollary 3.2.
Let (X, S C ) be a complete complex valued S-metric space and T : X → X be a self-mapping satisfying the following condition: There exist real numbers α 1 , α 2 , α 3 , α 4 satisfying α 1 + α 2 + α 3 + 3α 4 < 1 with α 1 , α 2 , α 3 , α 4 ≥ 0 such that the condition (3.6) is satisfied for all x, y ∈ X. Then T has a unique fixed point x in X.
We can give the following corollary for a complete symmetric complex valued S b -metric space. Corollary 3.3. Let (X, S b C ) be a complete symmetric complex valued S b -metric space with b ≥ 1 and T : X → X be a self-mapping satisfying the following condition:
There exist real numbers α 1 , α 2 , α 3 , α 4 satisfying α 1 + bα 2 + bα 3 + 3bα 4 < 1 with α 1 , α 2 , α 3 , α 4 ≥ 0 such that the condition (3.6) is satisfied for all x, y ∈ X. Then T has a unique fixed point x in X.
Remark 3.2. We note that Theorem 3.2 is a generalization of the Banach's contraction principle on a complete complex valued S b -metric space. Indeed if we take α 2 = α 3 = α 4 = 0 and α 1 < 1 b 2 with b ≥ 1 in Theorem 3.2 then we obtain the Banach's contraction principle on a complete complex valued S b -metric space. Now we give an example of a self-mapping satisfying the condition (3.6) such that the condition of the Banach's contraction principle (3.3) is not satisfied. Example 3.3. Let X = R and the function S b C : X × X × X → C be defined as
for all x, y, z ∈ R and k ∈ Z + . Then (R, S b C ) is a complete complex valued S b -metric space with b = 1. Let us define the self-mapping T : R → R as follows:
for all x ∈ R. Therefore T satisfies the condition (3.6) for α 1 = 0, α 2 = 1 2 , α 3 = 1 3 and α 4 = 0. Hence T has a unique fixed point x = 55. But T does not satisfy the condition of the Banach's contraction principle (3.3). Indeed, for x = 0, y = 1 we obtain
which is a contradiction since α < 1.
A Common Fixed Point Theorem
In this section we give a common fixed point theorem on a complete complex valued S b -metric space.
Theorem 4.1. Let (X, S b C ) be a complete complex valued S b -metric space with b ≥ 1 and M, N : X → X be two self-mappings satisfying
. Then M and N have a unique common fixed point x in X.
Now we show that the sequence {x n } is a Cauchy sequence. Using the conditions (4.1), (4.2), (CS b C 3) and Lemma 3.1, we have
Hence using the mathematical induction, we get
. Thus for all m > n, m, n ∈ N we obtain
Consequently, we obtain |S b C (x n , x n , x m )| → 0 as n, m → ∞. Thus {x n } is a Cauchy sequence in X. Since (X, S b C ) is a complete complex valued S b -metric space then {x n } converges to x ∈ X. Now we show that this point x is a fixed point of the self-mapping M . Assume that M x = x. Using the inequalities (4.1) and (CS b C 3), we obtain
x, x 2n+2 ).
and so
Assume that there exists y ∈ X such that N x = y. Now we show that x = y. Suppose that x = y. Using the inequality (4.1) and Lemma 3.1, we get and N x = 0,
for all x ∈ X. It can be easily seen that M and N satisfy the condition (4.1) for α = 1 4 . So M and N have a unique common fixed point x = 0 in X.
